Note on constancy of some formal meromorphic maps by Merker, Joel
ar
X
iv
:0
80
3.
28
53
v2
  [
ma
th.
CV
]  
25
 M
ar 
20
08
NOTE ON CONSTANCY OF SOME FORMAL
MEROMORPHIC MAPS
JO ¨EL MERKER
Let M be a local real analytic or formal generic submanifold of Cn (n > 2) having
positive codimension d > 1 and positive CR dimension n − d =: m > 1 which passes
through the origin and whose extrinsic complexificationM⊂ Cn × Cn is represented, in
appropriate coordinates (z, w, ζ, ξ) ∈ Cm × Cd × Cm × Cd, by d holomorphic or formal
equations ([1, 4, 5]):
wj = Θj(z, ζ, ξ) or equivalently: ξj = Θj(ζ, z, w) (j=1 ... d).
Also, introduce the two collections of m complex vector fields:
Lk :=
∂
∂zk
+
dX
j=1
∂Θj
∂zk
(z, ζ, ξ)
∂
∂wj
and Lk :=
∂
∂ζk
+
dX
j=1
∂Θj
∂ζk
(ζ, z, w)
∂
∂ξj
,
obviously tangent to M with
(
L1, . . . ,Lm
)
spanning the foliation M∩ {τ = cst.}, and(
L1, . . . ,Lm
)
spanningM∩{t = cst.}, where t = (z, w) ∈ Cn and τ = (τ, ξ) ∈ Cn (see
the figure p. 20 of [5]). Some authors call M of finite type in the sense of Bloom-Graham
when the Lie algebra Lie
(
Lk1 , Lk2
)
generated by all possible Lie brackets of the Lk1 and
of the Lk2 spans TM at the origin. Others call M minimal.
Let H ′ be a maximally real local real analytic or formal submanifold of Cn′ (n′ > 1)
also passing through the origin, which, after straightening, can be supposed to be repre-
sented by the n equations z′i = z¯′i, i = 1, . . . , n′. As the outcome of [2], formal holo-
morphic or meromorphic maps from M into a maximally real, real analytic or formal
submanifold H ′ ⊂ Cn′ are all uninteresting: they must be constant. Segre sets ([1]) can in
fact be fully avoided to check such a simple observation, hopefully. It is clear that studying
n′ = 1 suffices. The assertion holds for formal meromorphic maps.
Lemma . ([2], Main Theorem) Let f(t) ∈ C[[t]] and g(t) ∈ C[[t]] be two not identically
zero complex formal power series satisfying:
0 ≡ f(t) g(τ)− g(t) f(τ),
for (t, τ) ∈ M. If M is of finite type, then f(t)
g(t) is a nonzero real constant.
Here, we say for short that 0 ≡ a(t, τ) for (t, τ) ∈ M when a
(
t, ζ,Θ(ζ, t)
)
≡ 0 in
C[[t, ζ]]. As a corollary, choosing g(t) ≡ 1, formal power series that are real on M must be
constant.
Proof. The most economical arguments begin by applying the differentiations Lk, which
yields: 0 ≡ Lkf · g − Lkg · f . Eliminating f from this equation with the help of 0 ≡
f · g − g · f , we get 0 ≡
(
f · Lkg − g · Lkf) · g, whence:
0 ≡ f · Lk1g − g · Lk1f and also 0 ≡ f · Lk2g − g · Lk2f,
the second family of equations being trivially satisfied.
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Suppose now R and S are two vector fields on M with local holomorphic coefficients
(in the coordinates of M) such that:
0 ≡ f · Rg − g · Rf and 0 ≡ f · Sg − g · Sf.
By eliminating f from these two equations, we get 0 ≡ Sf ·Rg− Sg ·Rf . Next, we apply
S to the first and R to the second:
0 ≡ Sf · Rg + f · SRg − Sg · Rf − g · SRf,
0 ≡ Rf · Sg + f · RSg − Rg · Sf − g · RSf,
and we subtract:
0 ≡ 2(Sf · Rg − Sg · Rf) + f(SRg − RSg)− g(SRf − RSf)
≡ 0 − f · [R, S]g + g · [R, S]f.
For instance, we may apply this to R = Lk1 and S = Lk2 , and again and again, to conclude
that for every iterated Lie bracket, say T , between the L’s and the L’s, we have:
0 ≡ f · T g − g · T f.
Choosing any formal holomorphic coordinates x1, . . . , x2m+d on M, finite-typeness then
implies that for i = 1, . . . , 2m+ d:
0 ≡ f · ∂xig − g · ∂xif in C[[x1, . . . , x2m+d]].
Let us expand f = F xα+ · · · and g = G xβ+ · · · with constants F 6= 0 andG 6= 0, where
the left out terms denote a sum of higher monomials for, say, the graded lexicographic order
<grlex. Expanding, we get 0 ≡ FG xα+β−1i (βi − αi) + · · · , whence α = β. After a real
dilation, F = G = 1. Next, suppose f = xα + F xβ + · · · and g = xα + G xγ + · · ·
with F 6= 0, G 6= 0, with α <grlex β <grlex ∞ and β 6grlex γ 6grlex ∞, with of course
G = 0 in case γ = ∞. If β <grlex γ, we get: 0 ≡ F (αi − βi)xα+β−1i + · · · , which is
impossible. So γ = β and we get: 0 ≡ xα+β−1i(αi − βi)(F −G) + · · · , whence G = F .
Then the induction runs through, giving f = g. 
Suggestion. This generalizes to mappings from covering submanifolds of solutions ([6]).
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